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Introduction. The notion of quantum torus appears in mathematics due 
to the following physical consideration. Let the operators u, v satisfy the 
Heisenberg commutatin relation [u, v] = q, where q = ih. Then the operators 
x = e u y = e v satisfy the relation xy = qyx. The algebra, generated by x 
and y, is called quantum torus. 

In the preprint the author gives the definition of quantum algebraic torus 
over the arbitrary field. Quantum algebraic tori can be characterized in 
terms of exact sequences (Theorem 1). The description of the center is given 
in Proposition 1. In the case of roots of 1 QAT produces the fibering of 
central simple algebras on it's center (Proposition 2). QAT can be used for 
the construction of central simple algebras and skew fields. It is unknown 
whether these central simple algebras be crossed products or not. The de- 
scription of QAT of dimension 2 is given in terms of generating elements and 
there relations. The case of roots of 1 is considered (Proposition 3). 



Quantum algebraic tori and exact sequences 

Let L be a field and Q = (?y)S'=i ^ e a ma -^ x with the entries q^ G L*, 
QijQji — Qu — 1- An algebra of twisted Laurent polynomials is the algebra 
LqIx^, . . . , x^ 1 } , generated by the elements xf 1 , . . . , x^ 1 with the relations 
XiXj = qijXjXi. The group of diagonal matrices D n (L) = L* x • ■ ■ x L* acts 
by automorphisms Xi \— > Uxi on Lq[x^ 1 , . . . , x^ 1 ]. We shall call this algebra 
an quantum form of diagonal torus D n . 

Let T be an algebraic /c-torus splited over the Galois extension L/k. Denote 
by T = Gal(L/k), M = T the group of characters of the torus T, definded 
over the algebraic closure ofthe field k. The group T actes on the group M. 
The map T i— > M is an 1-1 correspondence of the set of algebraic tori, splited 
over L, to the set of finitely generated Z-free Z[r]-modules. The both sets is 
defined up to equivalence [1,2]. 

Denote by a M the group M in additive form. We shall denote elements of 
the group M by t m , m e a M. Choose the Z-basis e\, . . . ,e n in a M. The 
charactors tj = t ei free generate M. For m = m\e\ + ■ ■ • + m n e n the element 
t m is equal to t? 1 ---^. 
Now we shall give the main definition. 

Definition 1. A quantum form of the fc-torus T is the /c-algebra Aq with 



1 



following properties: 1) Aq^ = Aq ®k L = Lq[xi, . . . , x^ 1 ], 2) there exists 
the map of coaction R : Aq \— > k[T] ® fc Aq of the Hopf algebra k[T] on Aq, 
such that R L — R <g) 1 : Aq iL >— > £[T] ® L Aq iL coinsides with the coaction 
of diagonal torus Rl{xi) —U® x,i. We shall also call Aq quantum algebraic 
torus. 

The group T(k) actes by automorphisms on Aq. 

Definition 2. The homomorphism of /c-algebras : Aq i— > Aq, is called 
a homomorphism of quantum /c-forms of algebraic torus T is the following 
diagram commutes: 

A Q A;[T]®A Q 

10 (1) 

A' Q , k[T] <g> A' QI 

Denote by Quan L {T) the category of quantum A;-forms of algebraic torus T, 
splited overL and defineded up to an isomorphism. Denote by Ext^(M, L*) 
the category of central extensions T- 

1 H L* H B H M H 1 (2) 

Here L* is in the center of E. The elements of this category are also defineded 
up to an isomorphism. 

Theorem 1. The categories QuaniiT) and Ext^(M, L*) are isomorphic. 
Proof. 

1) Let Aq be a quantum form of the /c-torus T. Denote by E the group A* Q L 
of invertible elements of the algebra A QyL = Lg[xf 1 , . . . , x^ 1 ]. The group 
E is generated by xf 1 , . . . , x^ 1 , L* . The group E is a T-group with respect 
to the natural action of the Galois group V in Aq <g> L = Aq ^. We restrict 
Rl on E. From R L {xA — ti <g) Xi we have i?£ : E ^ M x E. The map 
i?L s a homomorphism of T-groups. Consider the projection n\ : M x E 
on M. The superposition ir = ttiRl ■ E i— > M is a homomorphism of 
T-groups with the kernel L*. There exists the exact sequence of T-groups 

The algebra is uniquely reconstructed from the T-group .E as the fc- 
algebra of T- invariant elements in L Q [xf 1 , . . . , x^ 1 ]. 

2) The homomorphism of A;-algebras : Aq i— > A'q, is extended to the T- 
invariant L-homomorphism <fi ® 1 : Aq^ l— Aq, l . We restrict it on E and 
have the T-homomorphismof groups (f> : E = (Aq ;L )* i— > E' — (Aq, l )*. The 
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commutativity of the following diagrams one can be derived from (1): 



E M x E 



10 I 1<8)0 (3) 



£' M x E' 



L* — 


+ E 


M 


[id 


10 


| id 


L* — 




M 



(4) 

> 1 

Isomorphic quantum forms correspond to isomorphic exact sequences. 
3) The aim of this section is to reconstructa quantum form from the exact 
sequence. According to the section 1, this reconstruction is unique. 
Let E be a central extension of the T-groups 1 i— >L*i— > E \— > M i— > 1. The 
group L* embedes in E. Consider the L-algebra Lq[M] — E <S>l* L. The al- 
gebra Lq[M] is an algebra of twisted Laurent polynomials. The group T acts 
in Lq[M] by automorphisms. The group E is a group of invertible elements 
in L Q [M}. 

Consider the /c-algebra Aq = Lq[M] v . We shall shall show that Aq is a 
quantum form of T. This will finish the proof of the theorem. 
3.1) The aim of this section is to proof Aq £g>fc L = Lq[M]. Choose the ele- 
ments Xi, . . . ,x n E such, that n(xi) = U. Denote x m = x™ 1 • • -x™ n . The 
elements x m , m G a M form the basis of Lq[M\ over L. The algebra Aq is 
/c-spanned by the elements a = ax m + a\x m ^ + • • • + a s x m ^ such, that the 
set of degrees to, to(1), . . . , to(s) is a T-orbit in a M . Let H = St(m, T). Then 
for h G H we have h x m = r fhX m , where 7 G L*. The following equality holds 
7/ii^2 = lh l hl 1h 2 - Therefore 7^ is a cocycle on H with values in L*. Apply 
the Hilbert Theorem 90 to the extension L over F = L H . There exists the 
element 7 G L* such, that 7^ = h/ ~f / ~f~ 1 . Then h ( r j~ l x m ) = / ~f~ 1 x m . 
Let e, <7i, . . . , g s be the representatives of cosets G/if such, that gi(m) = m{i). 
The element 9i (x m ) is up to constant equales to x m<yl \ Denote x <m> = 7 _1 x m , 

x <m(i)> = g lx <m>_ The e l ement a equa l s to p x <m> + / 5 lX <m(l)> + . . . + 

p sX <m(s)>^ w h ere p — a ry e _p ^. — 9i^_ Since the extension is sepa- 
rable, then the extension F/k is also separable. According to the Primitive 
Element Theorem there exists the element 5 G F such, that F = k(5). If 
f(x) is minimal /c-polynomial of 5, then dira^F = degf(x) = s + 1. Let 
5 = 5, Si = 91 5,...,5 S = 9s 5 be all roots of the polynomial f(x). Since 
L/k is the Galois extension, then all roots are contained in L. The algebra 
Aq is spanned over the field k by the elements a r = 5 r x <m> + 5[x <m ^ > + 
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• • • + <5gX <m ^^ )> , r = 0, 1, . . . , s. Denote by W the matrix (Sj^ . . The de- 
terminant of 14 7 is equals to llj>j(^ — <5j) 7^ 0. There exists the s + 1-tuple 
z/ = (z/ , i/i, . . . , v s ) such, that vW = (1, 0, . . . , 0). Then J2r=o v r a r = x <m> 
and x m G A Q ® k L for all m G a M. This proves A Q <g> fc L = L Q [M\. 
3.2) The aim of this section is to construct the map of coaction on Aq. Re- 
call, that the map E A M is a homomorphism of T- groups. Consider the 
r-homomorphism Rl = (it, id) : E i— > MxE. Extent it to the T-invariant ho- 
momorphism Rl '■ Lq[M] i— > £q[T] ®^Lq[M]. The homomorphism Rl coin- 
sides with the coaction of diagonal torus Rl{.Xi) = ti<S>Xi. Show, that the re- 
striction Rl on Aq be a coaction of k[T]. The image Rl(Aq) = Rl{Lq[MY) 
containes in (L[T] (g) L L Q [M]) r . Recall that k[T\ = L[T] r . Let us show 

[L[T] ® L L Q [M]f = L[T] r ® fc L Q [M} r 

Let c G (L[T] ®£ Lq[M]) f . Consider the normal basis cq, . . . , a p in the ex- 
tension L/k. The Galois group Y acts on the normal basis by permutatioms. 
The element c can be represented in the form c = Y%=i(fi ® <2i)aj, where 
«j are T-invariant elements in L[T], Lq[M\. For all a G T we have c = °c. 
Hence 

p v v 

j=l i=l i=l 

Then <g> — fi <S> for all i. The group T transitively acts on the 
normal basis. We have c = fi <g> c*i (a x H h a p ) G L[T] r <g> fc L Q [M] r . □ 



On construction of extensions 

Let Q = (?y)ij'=i ^ e a ma t rrx with the entries 

qij e L*,q ij q ji = q ii = l (5) 

Let Lq[M] = L^rrf 1 , . . . , a;^ 1 ] be an algebra of twisted Laurent polynomi- 
als over the field L. Denote by /€q[T] or Aq the quantum form of torus 
T, constructed by the extension (2). This algebra coinsides with Lq[M] t . 
Consider bihomomorphism Q : a M x a M ^ L*, where Q{e^ej) = qij. For 
m = m\e\ + • • • + m n e n and k = k\e\ + • • • + k n e n we have 

Q(m, k)=f[ q^ 
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The bihomomorphism Q satisfies the condition Q(m, k) = Q(k, m) l . Denote 
x m = x™ 1 ■ ■ ■ x™ n . We have 

x m x k = Q(m,k)x k x m (6) 

For all a G T the element a (x m ) is equals to x am up to constant: 

°( x m ) = la {m)x am , la (m) G L* (7) 

Acting by a on the left and right sides of the equation (6), we have 

Q(am,ak) = a Q(m,k) (8) 

As a result by the exact sequence (2) there constructed the matrix Q with 
the conditions (5) and (8). 

Question . Let Q be a matrix with the conditions (5) and (8), Can we 
reconstruct the exact sequence (2) ? Or (the same in different terms) ,can 
we define the action of Galois group on Lq[M] by automorphisms such that 
(7) holds ? 

The answer is positive in the following two cases. 

1) Let M is a permutation module. The group V acts by permutations on the 
basis CT (ej) = e a ^,i = l,n. The equality (8) for the matrix Q is equivalent 
to 

Qa(i),a(j) = a( lij ( 9 ) 

Let L{M} = L{xf 1 , . . . , x^ 1 } be a free algebra generated by xf 1 , . . . , x^ 1 . 
The action a (x m ) = x^ extents to the automorphism of L{M}. Denote by 
/ the ideal, generated by the elements L{M}. It follows 

from (9), that the ideal / is invariant under the action of the group T. The 
group T acts by autimorphisms in the factor-algebra Lq[M] = L{M}/I. 

2) Let M be an arbitrary module over the cyclic group of the second order 
r = {e,a : a 2 = 1}. The module M is a direct sum indecomposable mod- 
ules. Indecomposable modules have rank 1 or 2. In the first case the action 
oe\ = rke\. In the second case o acts by permutations of basis elements 
ae\ = e2, <JC2 = e\. the action T extents to the action in L{M} by automor- 
phisms: a Xi = xf 1 for rank 1 and a x\ = x-i-, a X2 = x\ for rank 2. Further the 
T-action in Lq[M] is consructed similar to 1). 

Center of Aq 
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Denote by Zq [M] the center of Lq [M] . The Galois group T acts in Lq [M] by 
automorphisms. The center Zq[M] is invariant with respect to this action. 
Denote a M c = {m G a M : Q(m,k) = l,\/k G a M}. It follows from (5) 
and (8) that the subgroup a M c is invariant with respect to T-action. Denote 
by M c the group a M c in multiplicative form. The center Zq[M] is a linear 
space over the field L, spanned by the elements x m ,m G a M c . We have 
Z Q [M] = L[M C }. 
Denote by Zq the center of Aq. 

Proposition 1. The center Zq coinsides with Zq[M] v . 
Proof. The subalgebra Zq[M] f consists of central elements and is contained 
in Aq = Lq[M] v . Therefore Zq[M] f is contained in Zq. From the other 
side, Z Q C Z q ® L C Z Q [M\. Therefore Z Q = Z V Q C Z Q [M} r .a 
Denote by T c the A;-torus corresponding to T-module M c . By the embed- 
ding of groups i : M c wMwe can construct the embedding of /c-algebras 
i : k[T c ] i — > k[T] and the homomorphism : T i— > T c . 
Corollary 1.1. Z q = k[T c ]. □ 

Recall that the coaction i? : i— > fc[T] Cg>fc lifts to Rl = R <S> 1 : 
^4q,l i— ► -M^] ®l Aq 5 l and coinsides over L with coaction of diagonal torus 
Rl{xi) = U <S>Xi- 

Hence Rl : Zq[M] i— > L[T C ] ® Zq[M\. The algebra Zq[M] is spanned over 
the field L by the elements x m ,m G a M c . The algebra L[T C ] is spanned 
over the field L by the elements t m ,m G a M c . The algebras Zq[M] and 
L[T C ] are isomorphic. The coaction R L : L[T C ] i— > L[T C ] <g> L[T C ] coinsides 
with comultiplication on the diagonal torus T c <g> L. The restriction i? L on 
Aq is equal to i?. Similar to the proof of Theorem 1, one can show, that 
R : £[T c ] r i— > L[T c ] r ®fc £pc] r • The coaction R coinsides with comultiplica- 
tion k[T c ] i— > fc[T c ] ®fc fc[7c] 

Corollary 1.2. Coaction i? on the center Zq = k[T c ] counsides with comul- 
tiplication in k[T c ]. The action of T(k) on the center is a superposition of 
the homomorphism and the regular action of the torus T c . □ 
Consider the case when are all roots of degree / of unity. Then q^ = e Sij , 
where G Zj, e G L is a primitive root of degree / of unity. The center 
Zq[M] of the algebra Lq[M] contains the subalgebra L[xf\ . . . ,x^ 1 }. The 
center Zq of the algebra Aq contains the subalgebra Zq = L[xf l , . . . ,x^ l } T . 
We shall call this algebra a /-center. The algebra Zq is an algebra of regu- 
lar functions on the /c-torus T^, which correponds to the T- module a M^ = 
l( a M)= Zlei + ■ ■ ■ + Zle n . By the embedding of groups i\ : wMwe 
can construct the embedding of /c-algebras i\ : k[T®] h- > k[T] and the ho- 
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momorphism ii^ : T i— > T®. The homomorphisms i* and are isogenies. 
Similar to the case of center the coaction on the /-center coinsides with the 
comultiplication on T®. The action of T on the /-center is a superposition 
of the homomorphism and the regular action of the T®. 



Spectrum of quantum torus at roots of 1 

We shall consider the e Si \ where Sij G Zj, e G L is a primitive root 

degree / of unity. 

Let x £ 2c(&) = Homk- a ig.(ZQ,k). Denote by xi the restriction of x 011 
the Extent x to the T-invariant L-homomorphism xl of the alge- 

bra Zq[M] = Zq ®fc £ into L. Similar extent xi to the T-invariant L- 
homomorphism xi,l of the algebra Zq^M] = Zq £g>& L into L. 
Notations 1. 

P X , L = L Q [M]/Ker XL , = L Q [M]/Ker X/ii 
P x = L Q [M]/tfer% P« = L Q [M]/Ker Xi 
Notations 2. 

1) Ci(a,b,cu) is an algebra over the field L generated by the elements x,y 
with the relations x l = a, yi = b xy = uiyx, a,b G L* , u = e k , divide /; 

2) C;(a, 6) := C/(a, 6, c<j) , if u is a primitive root of degree / of 1; This algebra 
is called a cyclic algebra ; 

3) d{a) := L[x]/(x l - a), a G L*; 

Definition. The tensor product of some copies of cyclic algebras is called a 
polycyclic algebra. 
Prorosition 2. 

1) P^> and P® L are semisimple algebras, P x and P XjL are central simple al- 
gebras , P Xi l is a polycyclic algebra; 

2) P« ® fc L = P£L P x ® k L = P XiL 

Proof. One can choose the set of generators in the algebra Lq[M] of twisted 
Laurent polynomials as follows: Xi,yi,Zj, i — l,p, j — 1, n — 2p with the 
relations Xiyi = e ki yiXi, ki\k2, • • ■ , fc p |/[3]. The else pairs of generators com- 
mutes. Denote di — jr. 

The center Zq[M] of the algebra Lq[M] is generated by xf\ yf% zy, the 
/-center Zq^[M] is generated by x\, y\, z l y We have 

P« L = ® p i=1 Ci{ai, b h 6 fc ») ® n ~? Q( Cj ), 
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where = x( x \), ^ = xiul), c j = x( z D- The algebra Ci(a, b, uj) is a semisim- 
ple and is isomorphic to the direct sum of cyclic algebras Cd(a,f3), where a 
and (3 are contained in the extension of the field L, d divides /. The algebras 
P£ L and are semisimple. 

The algebra P X) l is isomorphic to the tensor product ®\ = \C ^[p-i, Pi), where 
a i — x{ x<ii ), Pi = x(y dl )- Therefore P Xj l is a polycyclic algebra and P x ,l, P x 
are central simple algebras. This proves 1). 

Note, that {Kerxhf = Kerx and Kerx <S> L — KerxL- Hence we have 
P X ®L = (Aq/ Kerx) ® k L = A Q ® L/Ker X ® L = L Q [M]/Ker XL = P x ,l 
Similar one can get ® k L = P x \- □ 



Quantum algebraic tori of small dimension 

Let L = k(a), a 2 = D, D e k be a quadratic extension of the field k. The 
Galois group of L/k is T = Gal(L/k) = {l,a : a 2 = 1} In every T-module 
a M of rank 2 there exists a basis such, that the matrix of a is equal to one of 

the following matrices: ( \ \ ), ( \ \ ), ( - 1 \ ), ( \ \ ). The 

algebra Lq[M] is generated by xf l , xf l with the relations x±X2 = qx2X±. The 
action of T on a M extents to the action on Lq[M] , if q e k in 1,3 cases and 
if a q = q~ l (i.e. N(q) = 1) in 2,4 cases. Our aim to find the generators of 
Aq = Lq[M] v and there relations. 

1) a — ^ J ^ ^ . The group T trivially acts on a M, q e fc. The algebra 

coinsides with the algebra of twisted Laurent polynomials &q[M]. 
In the case q — 1 , we have = A = /cfrr^ 1 , rc^ 1 ] and T(/c) = k* x k* 

2) cr= ^ J ^1 ) ^ >eno ^ e ^ = + ^A 4 - ^ ms section iV(g) = A 2 — -D/i 2 = I. 

The algebra Aq is generated by x = xf 1 , Z\ = X2+ * 2 ; ^ 2 = 3:2 with the 
relations 





z-y — Dz 2 — 1, ^1^2 — ^2^1 

If q = 1, then Aq = A coinsides with quotient algebra k[xf 1 ,Zi,z 2 ] with 
respect to the ideal generated by z\ - Dz\ = I. The group T(k) = k* x T^ k , 
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where T^ k = {x E L* : N(x) = 1}. 

\ / 1 \ „ x-i+xT 1 xj—xT 1 X2+X- 1 

3) <r= I Q _ 1 I. Denote yi = — y 2 = — z\ = — z 2 = 

X2 2 ^ 2 . The algebra Aq is generated by y ± , y 2 , ^2 with the relations yi^i ± 

Dy 2 z 2 = q ± (z 1 y 1 ± Dz 2 y 2 ), y 2 Zi ± yi2 2 = q ± (z 2 y 1 ± 2?iy 2 ), ?/? - Dyl = 

z\ — Dz\ = 1, [yi,y 2 ] = [z-y, z 2 ] = 0. In the case q = 1 the algebra Aq = 

A coinsides with the quotient algebra k[y±, y 2 , Zy, z 2 \ with respect to ideal 

generated by y\ — Dy\ — 1, z\ — Dz\ — 1. The group T{k) coinsides with 
T (i) x T (i) 

1 L/k X 1 L/k- 

4 ^ = ( 1 )' g = x + a ^- 

Let q 7^ — 1. Denote u = X1 + X2 , ^ = Xl 2 ~ X2 , w = ^j^xyX 2 . One can proof the 
following relations : 



la 

,2 n„.2 





a) ii — -Dt> = w, 

OIWU — VU = — rlB, 

7 1 + A 

_ / A — £>/i 

" \ -A* A 
The formula c) is derived from a) and 6). 

The algebra Aq is generated by u, v, {u 2 — Dv 2 )^ 1 with the unique relation 
(1 + X)(uv - vu) + /i(w 2 - Dv 2 ) = 0. 

In the case q — — 1 denote w = 3:1 2 Z2 , t> = , u> = axia; 2 . One can proof 
the following relations : 

a)u 2 - £to 2 = 0, 

b) uv — vu — - 





The formula c) is derived from a) and 6). 

The algebra A_y is generated by u, v, (uv — vu)^ 1 with the unique relation 
M 2 _ ^2 = Q 

In the case q — 1 the algebra = A = /c[-u,t>, (w 2 — Z^f 2 )^ 1 ]. The group 
T{k) coinsides with L*. 
Case of roots of 1 

Let q be a primitive root of odd degree / of unit. In all of above cases l)-4) 
the center Zq[M] coinsides with the /-center. Zq[M] = Lq^ 1 , xf 1 ]. The 



9 



center Zq is a /c-formof the center Zq[M] (Proposition 1). Our aim is to 
study the structure ofthe algebras P(x) m common point. 
Denote by K = Fract(Zq) the field of fractions of Zq and K L = K ® k L = 
Fract(ZQ[M]) is the field of fractions of Zq[M]. Let x '■ Zq h- > K be an em- 
bedding Zq into K. Extent x to T-invariant homomorphism Zq[M] into K^. 
Denote x( x i) — a i? x{ x 2) = a 2- The algebra P Xj l counsides with Q(ai,a 2 ) 
and P x is it fT-form. 

Proposition 3. In the cases 1),2),4) the skew field P x is a cyclic crossed 
product over the field K. ( The case 3) is unknown to the author). 
Proof. It is sufficient to prove that P x contains the maximal subfield, which 
is a Galois field with cyclic Galois group. It is trivial in the case 1). In 
the cases 2) and 4) there exists the element y G P Xi l such that a y = y^ 1 ( 
in the case 2) put y = x 2 ; in the case 3) put y = x^ 1 x 2 ). In every case 
y l G K. As q G L, then Ki(y) is a cyclic extension of the field K^. De- 
note H = Gal(K L (y)/K L ) = {l,s, . . . , s 1 ^ 1 : s l = 1}, s y = qy. Denote by 
G the Galois group of the extension Ki(y)/K. The group G contains two 
subgroups T and H. Note that sa y = s y~ 1 = q^y^ 1 = a (qy) = as y- The 
subgroups T and H commutes. As \K L (y) : K] = 21, then G = H x T. The 
factor group G/Y is isomorphic to H . The field K L (y) T is a cyclic extension 
of degree / over K. □ 
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